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Abstract 

A nonperturbative analytical description of the SU(2)i quantum criti- 
cal point in an explicitly dimerized two-leg spin-1/2 Heisenberg ladder is 
presented. It is shown that this criticality essentially coincides with that 
emerging in a weakly dimerized spin-1 chain with a small Haldane gap. 
The approach is based on the mapping onto an S0(3)-symmetric model 
of three strongly coupled quantum Ising chains. This mapping is used to 
establish the correspondence between all physical fields of the spin ladder 
and those characterizing the SU(2)i criticality at the infrared fixed point. 
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1 Introduction 

Quantum many-particle systems in one space dimension, such as ID interacting 
electrons, antiferromagnetic spin chains and ladders, exhibit universal properties 
in the low-energy limit. The field-theoretical description of these properties is 
based on an appropriately chosen conformally invariant (critical) theory which is 
defined in the high-energy, ultraviolet (UV) limit and then deformed by a number 
of perturbations consistent with the structure and symmetry of the underlying 
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microscopic model. While a single relevant perturbation (with scaling dimen- 
sion d < 2) drives the model away from criticality towards a strong-coupling 
gapped phase in the infrared (IR) limit, the interplay between several relevant 
perturbations can lead to a quantum critical point where conformal invariance is 
restored, though with a central charge cjr less than that at the unstable UV fixed 
point [|I| . Understanding of such phase transitions in ID models, where powerful 
nonperturbative techniques are available, is of great importance because asymp- 
totically exact results obtained in one space dimension can be relevant to the 
issue of quantum critical points in higher-dimensional systems, most notably, in 
two-dimensional cuprate superconductors (see e.g. |^ and references therein). 

An example of Abelian field theory displaying a quantum critical point was 
recently discussed by Delfino and Mussardo [§]. They considered the double- 
frequency sine-Gordon (DSG) model, which is a two-dimensional Gaussian model 
perturbed by two relevant vertex operators with the ratio of their scaling dimen- 
sions di/d2 = 4, and showed that, upon fine tuning of its parameters, the model 
exhibits an Ising criticality with central charge cjr = 1/2. In non- Abelian field 
theories, the existence of quantum critical points belonging to the universality 
class of SU(2)/;; Wess-Zumino-Novikov-Witten (WZNW) model and resulting from 
the interplay between several symmetry-preserving relevant perturbations was 
anticipated some time ago by Affleck and Haldane [0]. They argued that a mas- 
sive phase of a translationally invariant spin-chain Hamiltonian can be driven to 
criticality by an external, parity-breaking perturbation, such as an explicit dimer- 
ization. Apparently, the explicitly dimerized even-leg spin-1/2 ladders, which in 
the absence of external perturbations are known to possess a fully gapped exci- 
tation spectrum (see for a review Ref. |^), are excellent candidates for such a 
scenario. A nice example of this kind has been recently given by Martin-Delgado 
et al 0, |7[ (see also 0) who considered the standard J-J^ two- leg spin ladder 
(J, J± > 0) 

-f^stand = J ^ ^ Si,„ ■ Si,„,+i -|- J_L ^ Si,„ ■ S2,n , (l) 

n 1=1,2 n 

and modified it by making the constituent chains dimerized with a relative phase 
vr: J — i> Ji,2(^) = J±(— 1)" J'. At J = ± J' = i J_|_ the dimerized ladder transforms 
to a snake looking, translationally invariant 5*= 1/2 Heisenberg chain which is 
critical and belongs to the SU(2)i WZNW universality class with central charge 
c = 1 0]. Using the mapping onto a nonlinear sigma-model with a topological (6) 
term, in Ref. (see also 0) it was argued that, at a given J > 0, there should 
exist a critical line J± = J_l{J') along which the model displays the IR properties 
of a single 5*= 1/2 Heisenberg chain. 

An analytical description of the critical points resulting from the competi- 
tion between different relevant perturbations requires an entirely nonperturbative 
scheme able to correctly identify those degrees of freedom that remain massive 
and the low-energy ones that eventually become critical. Such a scheme has 
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been recently proposed in Ref. |I0[ to tackle the Ising transition in the DSG 
model. The approach was based on the mapping onto a model of two quantum 
Ising (QI) chains coupled by an Ashkin- Teller (AT) interaction and also by a 
magnetic-field type coupling /icrfaf. In the limit where the amplitude h is con- 
sidered as the largest energy scale in the problem, the "relative" Ising degrees 
of freedom described by = ala2 become locked, while the "total" degrees 
of freedom, described e.g. by af, asymptotically decouple and can be tuned to 
criticality. Universality then implies that such separation between the fast and 
slow modes is valid close to the transition at arbitrary h. This approach made 
it possible to study the Ising criticality in a number of applications of the DSG 
model to physical systems [|10|, pT] . 

In this paper, we extend this strategy to provide a consistent nonperturba- 
tive description of the SU(2)i criticality in the vr-dimerized two-leg spin ladder. 
Such a possibility naturally follows from the correspondence between two weakly 
coupled Heisenberg chains and an 0(3) XZ2 symmetric theory of four noncritical 
Ising models with order parameters cTj, developed in Refs. |]12|, The new ingre- 
dient introduced by the explicit relative dimerization is a perturbation h 11^=1 
with h ~ J' . We stress, however, that the problem of dimerized ladders is not 
only different from the DSG model in that instead of two Ising models here we 
have four, but most importantly because in the adopted Ising description and 
all subsequent nonlocal ( "change-of-basis" ) transformations one has to maintain 
the unbroken spin rotational symmetry. For this reason, the SU(2)i quantum 
criticality reveals itself in the Ising-model description in a rather nontrivial way. 
The so far existing conclusion on the existence of the c = 1 critical point in the 
5"= 1/2 staggered ladder and in the related model of the explicitly dimerized 
5*=! chain []T1|, was reached either by mapping onto an 0(3) nonlinear sigma 
model which, strictly speaking, is valid for large S only, or using a perturbative 
(renormalization group) approach combined with numerical methods. In other 
cases [||, the c = 1 criticality of the dimerized ladder (|lD was analyzed by the 
Abelian bosonization in the way suitable only for the XXZ-version of the model 
but not for the SU(2) symmetric case where the explicit dimerization field is the 
most relevant perturbation in the problem. Treating our Ql-chain model in the 
strong-coupling limit and applying a nonlocal duality transformation |T^, be- 
low we derive the effective Hamiltonian describing the low-energy sector of the 
dimerized spin ladder which represents a lattice spin-1/2 Heisenberg model with 
bond-alternating nearest-neighbor interactions. The SU(2)i criticality is reached 
when the external dimerization enforces the exchange couplings on even and odd 
bonds to coincide. This mapping is then used to establish the correspondence 
between the physical fields of the spin ladder and those characterizing the SU(2)i 
criticality at the IR fixed point. 

The paper is organized as follows. In Sec. II, we review the field-theoretical ap- 
proach to a weakly coupled two-leg Heisenberg ladder and show that the SU(2)i 
criticality emerging upon the explicit vr-phase dimerization of the constituent 
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chains @ is essentially the quantum critical point appearing in a weakly dimer- 
ized effective spin-1 chain [1I4| , |15[ with a small Haldane gap |jl8[. In Sec. Ill, we 



introduce an SO (3) symmetric quantum AT model extended to include an inter- 
action /i(Jicr20"3- This model, which represents a lattice version of the field theory 
discussed in Sec. II, is treated in the large-/i limit, and the effective low-energy 
Hamiltonian displaying the SU(2)i criticality is derived. In Sec. IV, we estab- 
lish the correspondence between the physical fields of the spin ladder and those 
characterizing the SU(2)i criticality at the IR fixed point. We conclude with a 
summary and discussion. The paper contains two Appendices where we provide 
some details concerning the nonlocal duality transformation and the derivation 
of the effective Hamiltonian in the large- /i limit. 



2 Spin ladder in the continuum limit 



As shown in Refs. |jT2|, |T3|, at ^ J the original lattice model (|l|) can be 



mapped onto an 0(3) xZ2-symmetric theory of four massive Majorana fermions, 
or equivalently, four noncritical 2D Ising models. In the continuum limit, the 
effective Hamiltonian density 
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+ \9i (iR ■ il)' + 92 {iR ■ (l) {^Ul) (2) 



describes a degenerate triplet of Majorana fields, ^ = (^^,^^,^^), and a singlet 
Majorana field, The mass terms in originate from the relevant part of 
the interchain interaction, J±ni ■ n2, where rij is the staggered magnetization of 
the i-th chain: (— l)"'Sj,„ nj(x). The triplet and singlet masses are given by 
rrit = XJ±, rus = —3XJ±, where A > is a nonuniversal constant. The marginal 
part of the transverse exchange, J±Ji ■ J2, expressed in terms of the smooth 
components of the local spin densities (vector "currents" Jj), gives rise to the 
four-fermion interaction in (Q). 

While the right and left components of the vector currents Jj = JiR + JiL 
admit a local representation in terms of Majorana bilinears. 



I, 



= J1.-J2. = iU. ; {v = R,L) (3) 

this is not so for the staggered fields rij and e^, the latter being the dimerization 
operator defined as (— l)"Si,„ ■ Sj,„+i ei(x). However, these fields with scaling 
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dimension 1/2 can be expressed as products of the order and disorder parameters, 
(Ja and fia, of the related Ising models (see Refs. ||12[ |1^ for more details): 

n+ ~ (/iiCr2Cr3/i4, (Ji/i2(J3/i4, (Tia2fl3f^4) , (4) 
~ (0-l/U2/i30-4, /UlO"2/U30'4, /il/i20-30-4) , (5) 

e+ ~ /ii/i2/i3/W4 , e~ ~ (Ji(J2cr3cr4 , (6) 

where = rii ± n2, = ci ± 62. Since the Majorana mass is related to the 
temperature of the associated Ising model via the relation m ~ (T — Tc)/Tc, the 
triplet of Ising models is disordered {rrit > 0) while the singlet Ising system is 
ordered (m^ < 0). As follows from Eqs. (|^)-(|^), this fact plays a crucial role 
in the behaviour of the correlation functions. In particular, the ground state of 
the system is parity symmetric ((e^) = 0), and the dynamical spin susceptibility 
a;), calculated by Fourier transforming the asymptotics of the correlator 
(n~(a:,r) ■ n~(0,0)), exhibits the existence of a coherent S=l magnon peak at 
cu^ = (tt— g)^u^+mj . Thus, at low energies, the standard two-leg ladder represents 
a Haldane's disordered spin liquids with n~ playing the role of the staggered 
magnetization of the effective 5=1 chain. In fact, the model (0) can be thought 
as a continuum low-energy theory of a spin-1 chain with a small Haldane gap. 



represented by a triplet of Majorana fermions pO|, |21|, coupled to a noncritical 
Ising model: 

TTV-f 

n = -^(In-lR + lL-lL)+mtTT<!> + g,lR-lL 

+g2KR ■ Kl + ha^Ti g . (7) 

The first term in the r.h.side of (0) is the Hamiltonian of the critical SU(2)2 
WZNW model describing universal properties of the S=l chain at the exactly in- 
tegrable, multicritical point |^ , Ir^l are the level-2 chiral vector currents defined 
in d^), $ is a 3x3 matrix field, which is a primary field of the SU(2)2 WZNW 
model with scaling dimension di = 1, (Tr $ = — i.^_R ■ ^l), and g is the WZNW 
field in the fundamental (2x2) representation, with dimension d2 = 3/8. The 
operator 

et = TT g = aia2cr3 (8) 

is a parity-breaking, dimerization field of the triplet sector which couples to the 
order parameter of the singlet Ising system. Since the latter is in the ordered 
phase, in the lowest order one can replace in Eq. (|^) the operators (T4 and ^^^^ by 
their expectation values and only deal with the triplet sector. Thus, the original 
problem of the dimerized spin ladder reduces to the problem of a spin-1 chain 
with a small Haldane gap and a weak bond alternation: 

= ^ {Ir -Ir + Il- II) + 9iIr ■ II + rhtTi ^ + het, (9) 
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where gi and rrit are renormalized values of the couphng constant and triplet 
mass, respectively, and 

h = h{ai) . (10) 

The neglected residual interaction between the singlet modes and those low- 
energy triplet degrees of freedom that eventually become critical affects the precise 
location of the c = 1 critical point but does not alter the universal properties of 
the transition. 



3 Generalized SO (3) quantum Ashkin- Teller 
model and the SU(2)i criticality 

Guided by the well-known correspondence between the theory of a massive Ma- 
jorana fermion and a QI model, i.e. the Ising chain in a transverse magnetic field 
21, , in this section we consider the following model of three coupled QI chains 



a=l,2,3 n 

-^EE( 

a<b n 

+ ^E<nt^2V3,n • (H) 

n 

The AT interaction between the chains is chosen to be self-dual and parametrized 
by a single constant K. The last term in (0) couples all three chains together. 

Let us first check that the lattice Hamiltonian ([TT]) is indeed S0(3)-symmetric 
and then show that, in the continuum limit, it reduces to the model (|^). The 
hidden SO (3) symmetry of the Hamiltonian (|Il|) becomes manifest in the Ma- 
jorana representation ||2^. We introduce lattice Majorana fields, rja^n and (a,n 
(a = 1,2,3), satisfying the anticommutation relations 

{^a,n) ^b,m\ {C<J,ra) Cb,in\ '^^ab^nm ; 

{^a,n, Cfe,m} = , (12) 

and then make use of the Jordan- Wigner transformations: 



n 



<n = Ka,nVa,n , Cr^,„ = l^^a H <m Ca,n ■ (13) 

\m=l / 

Here Klein factors which anticommute among themselves, 

{Ha, Hb} = '2Sab , (14) 

but commute with all the other operators. Quantum disorder operators 
defined on the dual lattice {n + 1/2}, are given by 

n 

f^a,n+l/2 — ~Ka,nVa,n+l , fJ'a,n+l/2 — IT '^a,m ■ (1^) 

m=l 
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The order and disorder operators are related to each other by the duahty trans- 
formations: 

z z X z z X (Tfi\ 

a,n'~' a,n+l ~ Pa,ra+l/2 i Pa,n-l/2Pa,ra+l/2 ~ '^a,n • ) 

With the definitions (|13]), (|T5|), the lattice Majorana fields 



Ca,n = ^f^aO'a,nf^a,n+l/2 — ~'^^a^'a,n+l/2^ a,n i (l^) 

satisfy the required anticommutation relations ([T^p. 

Using Eqs. (|13]), we fermionize the Hamiltonian (pi]). The first line in ([TlD 
immediately transforms to an 0(3)-symmetric sum of three lattice Majorana 
models: 



The AT part of transforms to 

,nVb,n+l )+iCa ) {Cb,nVb,n)] , (19) 

a<b n 

and is also 0(3)-symmetric because 

3 1 2 

a<b 

The product of cr^„cr|„cr|„ involves products of three Majorana fields, riirnV2mV3m 
and CimC2mC3m- Notice that the product of the three components of a Majorana 
triplet, riiri2ri3 = {l/3\)e°'^'^rjarjb'>]c, is an S0(3) invariant object. Therefore the 
/i-perturbation in (|1^) only breaks the discrete subgroup Z2CO(3), thus reducing 
the symmetry of the model (|lT]) to SO (3). 

If the triplet of QI chains is close to the critical point and the interchain 
interaction is weak, 

\A-J\<^J and K,h<^J, (20) 

one can pass to the continuum limit in which the lattice operators rja^n and (a,n 
are replaced by slowly varying Majorana fields 

Here the factor ^/2 ensures the correct continuum anticommutation relations, 
{Tii{x),Vj{y)} = {Ci{^)Xjiy)} = ^ij^ix — y). The Hamiltonian density of three 
decoupled QI chains then becomes 



TLnix) 



\vC{x) ■ dxfj{x) — imt({x) ■ ff^x) (21) 
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with V = 2JaQ and rrit = 2{A — J') . A global chiral rotation of the Majorana 
spinors, 

~ — \/2 — ' ~ \/2 ' 

transforms (^) to the noninteracting triplet part of the Hamiltonian (^). On the 
other hand, up to irrelevant corrections, if at in dH) transforms to the marginal 
interaction terms in (Q) with g = 8KaQ. The correspondence between the /i-terms 
in (|Tl| ) and @ is self-evident. 

Thus, we have shown that, in the weak-coupling limit (|20|), the ID quan- 
tum model ([TT|) can be regarded as a symmetry preserving lattice counterpart 
of the continuum theory (|^). General universality considerations allow us to ex- 
pect that, if the field-theoretical model (|^) displays a certain quantum critical 
behavior, this should also be a property of the quantum lattice model ( pA]) even 
when its parameters are not restricted by the condition (^). It is then legiti- 
mate to consider the model (0) in the strong-coupling, large-/;,, limit where the 
description of the SU(2)i criticality greatly simplifies. 

Let us pass to a new set of Ising variables, sf^, Sg^, t^, where 

z z z z z z z z fO'i\ 

In the original (fXi, o"2; cts) representation, the local (at a given site n) Hilbert 
space of the three-chain model is spanned on the basis vectors Ici, cr2; cts) which 
are eigenstates of a^, erf and (t|: 

CTakl' ^2, 0-3) = O-alo-l, 0-2, 0-3) , = ±1 . (tt = 1, 2, 3) 

The new local basis S2, t) is defined as 

s^|si,S2,r) = Sa|si,S2,r), (a = 1,2) 
i"1-Si,S2,r) = r|si,S2,r) , 

where Sa = <Ja, r = (ria20-3. Comparing matrix elements of the operators cr^„ 
(a = 1, 2, 3) in the two basises, we find the following correspondence: 

X X X X X X X X (0A\ 

Let u'^ 

n+i/2' ^2,n+i/2^ Pn+i/2 disorder operators dual to 

s?,n. re- 



spectively, and obeying the duality relations similar to (16). Under the change of 



basis, the original dual spins ^J'an+l/2 i'^ ~ 2, 3) transform as follows: 

z z z z z z 

A*l,n+l/2 — ^l,n+l/2Pn+l/2 5 A''2,n+l/2 — ^2,ra+l/2Pn+l/2 ? 

A''3,n+l/2 — Pn+l/2 i 

Pl,n+l/2 ~ '^l,n+l/2 ' /^2,ra+l/2 ~ '^2,n+l/2 ' 

Pt,n+l/2 — ^l,n+l/2^2,ra+l/2Pn+l/2 • (25) 
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It is easy to check that the new pairs of mutually dual operators, (si, z/i), {s2, 1^2) 
and (t, p), satisfy the same algebra, Eqs. ([T7|), ([T8|), as the original operators 
{aa,fia) (a = 1,2,3). 

In terms of the new variables, the Hamiltonian (|11|) reads: 

n 

n 



\ ^ z z z z 

+ 17 ■5l,n"5l,n+l'^2,n'5s 



2 -'i,n-i,n+l''2,n''2,n+l V''"n ''"n+1 

r(3) 



+ r) E ('^l,n'5l,n+l + '52,n'52,n+l) (''n ''n+l) ■ (^6) 



The advantage of this representation of ifq/ becomes transparent in the strong- 
coupling limit: 

h:^J,/\,K. (27) 

In the zeroth-order approximation, the Hamiltonian (^) describes a collection 
of noninteracting r-spins in a strong magnetic field, with a large energy gap 2h 
separating the fully polarized ground state from the excited states with one spin 
flip. Thus the r degrees of freedom are "fast" and can therefore be integrated 
out to produce an effective Hamiltonian for the low-energy, (si,S2) part of the 
spectrum. 

Using a unitary transformation in the form of a 1/h expansion, we project 
HqI onto the lowest-energy state (r" = — 1, Vn) of the zeroth-order Hamiltonian, 
Hq = hj^n/^n^ thus obtain the effective model of two coupled QI chains, 
He{{[si, 82]- Apparently, the symmetry of Hcs[si, S2] might appear only as Z2XZ2, 
for Hqi in (^) contains only 3^2 and s^2- The hidden SU(2) symmetry of the 



QI 

effective model is revealed by the nonlocal duality transformation first introduced 
by Kohmoto, den Nijs and Kadanoff (KNK) in their study of the 2D AT model 
|T^, and later on employed by Kohmoto and Tasaki in their analysis of the bond- 



alternating 5*= 1/2 chain JT^. This transformation, which is briefiy reviewed in 
Appendix A, establishes an important correspondence between two combinations 
of the variables s", S2 {a = z,x) and local SU(2) invariants written in terms of 
new spin-1/2 operators T„: 

■^l.ji-^l.ji+l + '^2,n'^2,n+l + -^l.n-^l.n+l '^2,n'^2,n+l ~^ " 4T2,n ' T2n+1 : (28) 

'l,n 



„ + S2_„ + S'^^^Sa^n — 4T2n-l " T2,„ , (29) 



where {2n} and {2n + l} denote even and odd sublattices of a new lattice with 2A^ 
sites. Notice that the duality transformation that maps the l.h. sides of Eqs. ( pHj) 
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and (^) onto each other is equivalent to a translation by one lattice spacing on 
the lattice where the spin-1/2 operators are defined. 

To the accuracy 0{l/h?), the low-energy effective Hamiltonian is found to be 
(see Appendix B) 



N 



,n ■ T2n+l + J2^2n-1 ' T 



2,n 



n=l 



N 



-J3 ^ (T2n-1 ■ T2n+1 + T^2,n " T 



2n+2j , 



(30) 



n=l 



where 



Ji = 4 



A\2 

J + K-[jj {J + 2K) 




(31) 



ifefff-Si, S2] is manifestly SU(2) invariant and describes a spin-1/2 chain with bond- 
alternating nearest-neighbor interactions Ji and J2 and the next-nearest-neighbor 
interaction J3. The SU(2)i critical regime occurs when the bond alternation 
vanishes: Ji = J2. Notice that the condition A//i <^ 1 ensures that the frustrating 
interaction J3 remains irrelevant at the transition. Eqs. (|30|) , (|3TD constitute the 
central result of our work. 

It is worth stressing here that the equivalence between two coupled critical QI 
chains and a bond-alternating SU(2)-symmetric S=l/2 Heisenberg model nec- 
essarily implies that the AT interchain interaction is of the order of the cutoff 
and fine tuned in such a way that all three terms in the l.h. sides of Eqs. (PB[), 
( p9D have the same amplitude. This is a manifestation of the well-known fact, 
implicitly present in earlier studies of the 2D AT model ||16[, that there exists no 
free-fermion Majorana representation of the critical SU(2)i WZNW model. At 
the point where the effective A^=2 AT model ifefrfsi, S2] is self-dual, the S'=l/2 
Heisenberg chain becomes translationally invariant and critical. In the 2D A^=2 
AT model, this is the point where the c = 1 line of Gaussian critical points with 
continuously varying exponents bifurcates into two Ising critical lines 

In the lowest order, the critical value of h is given by he = j J . With A//i 
being the small parameter in the expansions (pi]), the ratio J ^ hd IS. ^ 1, 
implying that the c = 1 criticality is reached if the three QI chains in ([TTD 
are strongly disordered. This is a direct consequence of the imposed condition 
( p7D which prevents us to establish a quantitative correspondence between the 
parameters of the field-theoretical models (|^), (P) and the lattice model ([Tl|), and, 
in particular, determine the critical line. However, universality arguments allow 
us to expect that the asymptotic decoupling between the r-degrees of freedom, 
which become frozen at the SU(2)i transition, and the (si, S2) degrees of freedom 
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that describe an effective critical 5*= 1/2 Heisenberg chain is a general property of 



the quantim AT model (|TT]) with an arbitrary value of h. This means that, even 
when the condition (^Tj) is released, the low-energy sector of the model (|lT]) will 
still be described by an effective Hamiltonian (pOD, although the determination of 
its parameters will remain as a complicated, yet unresolved, part of the problem. 

Despite this shortcoming, it is possible to extract the scaling of the critical line 
in the weak-coupling limit from general considerations and compare the results 
with the already existing ones. Let us go back to the model (^. At small h 
and rht, the scaling law for the critical line = hc{rht) simply follows from 
the comparison of the mass gaps, ~ h^^^^ and ~ rht, generated by the h- and 



rrit-perturbations independently |jT5| 



he - Imr^' - Jf' . (32) 

For the standard ladder where \ms\ — S\mt\ ~ J±, one has (cr|) ~ J±^, and the 
relation (^) translates to 

he ~ ~ , (33) 

in agreement with the result of Ref . . 

Returning to the adopted mean-field treatment of the singlet Ising component, 
it is worth noticing here that the description of the lowest-energy part of the 
spectrum in terms of the effective spin-1/2 Hamiltonian (|30|) is valid not only at 
the SU(2)i transition but also at small deviations from criticality, provided that 
the associated (dimerization) mass gap maimer ~ \h — hc\'^^^ is much smaller than 
the singlet mass \ms\- 



4 UV-IR transmutation of physical fields 

Let us now find out how the physical fields, characterizing the spin ladder in the 
UV limit, are transformed at the IR fixed point where the system becomes SU(2)i 
critical. 

We start with the current operators 3 1^2 which, according to Eqs. (|^), are 
expressed in terms of the Majorana fields and Let us first consider the total 
current. 



I 



Ji + J2 = (6? A + el A el 



2 

which is fully determined in the triplet sector of the model and, in the UV limit, 
actually represents the level-2 vector current of the SU(2)2 WZNW model given 
by the first term in Eq. (^. This current is nothing but the smooth part of the 
magnetization of the related critical S=l Heisenberg chain. The x-component of 
this current is 

rix) = -i kUx)enix) + eMedx)] . (34) 
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Making the chiral rotation (|22|) , we can define a local lattice operator 

^n = -^ iV2,nV3,n + C2,nC3,n) ^ {x) , (35) 

which transforms back to in the continuum limit. Using definitions (p!7[), 



J8]), together with the "change-of-basis" transformations p^), p5|), we obtain: 

— 2 '^2,n'-'3,ra \^A''2,ra+l/2A''3,n+l/2 h''2,n-l/2h''3,n-l/2 J 

l,n {y2,n+l/2 ^ ^2,n-l/2) • (36) 



— r^s^ 



Since is a noncritical field, it can be replaced by its nonzero expectation value. 
Using formulas ( |6lD of Appendix A, we express in terms of the spin operators 
of the effective critical 5"= 1/2 Heisenberg chain 



= m,K,K, (r^) {t^^ + . (37) 

In the continuum limit 

T„ ^ (ao/2)T(x), 
T(x) = J(x) + (-1)^11(0;) , (38) 



where J = Jij+ and n are the smooth and staggered parts of the local magneti- 
zation T(a;). In (|38D we took into account the fact that, by the KNK construction 
(see Appendix A), the lattice spacing of the effective 5=1/2 Heisenberg chain is 
ao/2. Keeping only relevant operators, we find that /^(x), being the level-2 cur- 
rent in the UV limit, transforms to 

F{x) ^ i«:2«:3«:i(r^) [r{x) - {a^/2)d^n%x) + ■■■],. (39) 

where ■ ■ ■ stand for irrelevant corrections. Quite similarly we find that 

P{x) ^ ■m^K^K2{T')[jy{x)-{aQl2)d,ny{x) + ---] , (40) 
P{x) ^ [P{x)-{a^/2)d^n'{x) + ---] . (41) 

Since (kiK2K3)^ = —1, we can replace by i. In the leading order in l/Zi, 

(r^) = — 1, and we arrive at the following correspondence 

I(a;) ^ J(x) - CaQd^n{x) , (42) 

(C being a nonuniversal constant), which shows that the level-2 vector current I, 
originally defined at the UV fixed point, transforms in the IR limit not only to 
the level- 1 vector current J but also acquires a nonholomorphic piece represented 
by the operator dx^i with scaling dimension 3/2 and conformal spin 1. 
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One can similarly show that the level-2 axial vector current (i.e. the spin 
current of the critical S=l chain), defined at the UV fixed point as 



l5 = -^(6iA0i-aA6 
transforms to 

l5(x) ^ J5(x) + Cao5tn(x) (43) 

where J5 = J/j — J^^ is the axial vector current of the SU(2)i WZNW model (i.e. 
the spin current of the S=l/2 Heisenberg chains). Notice that the constant C in 
( ^3]) is the same as in (|42|). As a result, both at the UV and IR fixed points, the 
currents I and I5 satisfy the continuity equation: 

dtl + 9J5 = 0. 

Since the holomorphic property of both level-2 currents is lost in the IR limit, 
the second equation d^i. + dti^ = is no longer valid. 

According to Eq. (^, the relative current K = Ji — J2 involves the singlet Ma- 
jorana field S,^ which remains massive across the transition. Therefore, the current 
K represents a short-ranged field whose correlations decay exponentionally over 
the length scale ~ Vs/\ms\. 

Let us now turn to the staggered fields and which are defined at the 
UV fixed point by Eqs. (§)-(§|). Since n"*" and e"*" are proportional to /i4 and 
since the forth Ising model is ordered (m^ < 0, (/X4) = 0), these two fields re- 
main short-ranged at the transition. On the other hand, with (T4 replaced by its 
nonzero expectation value, n~ and e~ transform to the staggered magnetization 
and dimerization field of the effective S=l chain 

~ (o-i/i2/i3, /ilCr2Ai3, AilAi2Cr3) , (44) 

t- ~ tt = aia2(yz ■ (45) 
Adopting a symmetric lattice definition, for {n~Y we obtain: 

\ " In ,n+l/2A''3,n+l/2 + A''2,n-l/2A''3,n--l/2 ) ■ 

(46) 

Under transformations (|2^), ( P^D and formulas (pT]), we find that {n~)^ becomes 

Passing then to the continuum limit, with (pS]) taken into account, we obtain: 

{n-Y{x) ~ Kin^ , (47) 

13 



where n is the staggered magnetization of the critical 5*= 1/2 chain. Similarly 
The Klein factors can be identified with Pauli matrices: 



Thus, in the leading order in 1/h ((r^) = —1), we arrive at the following corre- 
spondence: 

~ f"n" . {a = x, y, z) (49) 
The presence of the Klein factors in (|49| ) should not be confusing. These factors 



drop out of the Hamiltonians (pTl) and (pO]) and have no dynamics. Moreover, due 
to the unbroken SU(2) symmetry, (n"(x, r)n^(0, 0)) = |(5°'^(n(x, r) ■ n(0, 0)), the 
Klein factors drop out of the correlation functions as well. Thus, at the SU(2)i 
critical point, the relative staggered magnetization of the spin ladder transforms 
to the staggered magnetization of the effective 5=1/2 chain: 

^ n . (50) 

It may seem from formulas (PU]), ( pH ) and (^) that taking into account Xjh 
corrections to (r^) = —1 would break SU(2) invariance of the UV-IR transmu- 
tation rules (^2|), (|Sy). The point is that the adopted "minimal" choice of local 
lattice operators (see Eqs. (|35|), (|46|)), although being consistent with the con- 
tinuum representation of the corresponding fields, is not unique. Other lattice 
regularizations of the field operators may be equally good in this respect but 
differ in the /;.- dependence of the prefactors and subleading corrections at the 
critical point. With the manifestly SU(2) invariant correspondence (^), ( |5DD 
firmly established in the leading order, we can only state here that these correc- 
tions are not universal and, as already explained in the preceeding section, cannot 
be addressed within this approach. 

Finally, we consider transmutation of the dimerization field e~. From ( ^5] ) 
and (0) it follows that 

e" ~ J . (51) 

However, e~ couples to the amplitude h of the external dimerization whose varia- 
tion leads to the deviation from criticality. The leading SU(2)-symmetric, parity- 
breaking, relevant perturbation at the SU(2)i criticality is the dimerization field 
of the effective 5=1/2 Heisenberg chain: (— 1)"T„ ■ T„+i e(a^)- Therefore, 
the improved version of the formula (^l]), which includes a strongly fluctuating 
correction to the identity operator /, should read 

e- [x] ^ -I ^ e{x) . (52) 

Since the scaling dimension of e is 1/2, the behavior of (e) close to the critical 
point is given by 

l(e")lh= Ke")k. + const. |/i-/i,|i/=^sign(/i-/i,) . (53) 
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Thus, the average dimerization remains finite at the transition but has an infinite 
slope. 

Let us now draw a physical picture emerging from the obtained results. In 
the limit of a translationally invariant ladder, J' / J±_ 0, the lowest-energy part 
of the spin fiuctuation spectrum displays a single coherent 5"=! massive magnon 
formed due to confinement of the originally massless S= 1/2 spinous of individual 
chains. In the opposite limit of two decoupled bond-alternating spin-1/2 chains, 
J^l J' 0, coherent massive magnons are still present in the spectrum but are of 
a different nature: these represent two independent sets of triplet states formed 
by a soliton, antisoliton and the first breather of the two corresponding = 27r 
sine-Gordon models (see e.g. Ref. |T^, chapter 22). The crossover between these 



two extreme cases involves a critical point where the spectrum is entirely inco- 
herent and consists of pairs of S=l/2 spinous of the effective 5*= 1/2 Heisenberg 
chain. (The behavior of the current-current correlation function (I(x, r)I(0, 0)) 
at the transition will be modified due to the admixture of the nonholomorphic 
operator in Eq. (^2])). As follows from (^), (|3TD , close to the transition, the low- 
energy properties of the system are those of a single, weakly dimerized spin-1/2 
Heisenberg chain. (The fact that the average relative dimerization of the original 
ladder, (e~), stays finite across the transition implies that higher-energy degrees 
of freedom which remain massive at the critical point are also dimerized.) 

The two massive phases separated by the c = 1 critical point differ in the sign 
of the explicit dimerization of the effective 5*= 1/2 chain ( pOD and are characterized 



by two different string order parameters [^], each of them being nonzero only in 



one phase and vanishing in the other. For the spin-1/2 alternating Heisenberg 
chain, the nonlocal string order parameter associated with the breakdown of a 
hidden Z2XZ2 symmetry was first considered by Kohmoto and Tasaki [|T^] and 
Hida [^]. Its representation in terms of the Ising order and disorder parameters 



for two- leg spin-1/2 ladders was introduced in Refs. |]T2|, [T^. The two different 



string order parameters of the alternating chain (|30D are defined as follows (due to 
the unbroken SU(2) symmetry, it is sufficient to consider only the x-components 
of the correspoding operators): 



(1^ 




Olu+i2n = exp ivr V Tf . (54) 



Using relations (|62|) and (^) given in Appendix A, we find that 

^2fc,2n-l — ■^l,k^l,n 5 ^2fc+l,2n — f^2,k+l/2f^2,n+l/2 5 (^5) 

where (sf fc, /i^ fc_,_]^/2) ("^2,fe5 /^2,fc+i/2) pairs of the order and disorder opera- 
tors of two QI chains representing the effective spin-1/2 Heisenberg Hamiltonian 
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O]) (see Sec. III). As follows from close to the transition, Ji — J2 ^ h — he- 



Since at h < he the two QI chains are disordered, one finds that 

(02Vl,2j ^ , (02\,2„-l) = . (56) 

At h > he these chains are ordered implying that in this case 



As shown by Hida at — /i^ ^ 0, the two string order parameters vanish as 

\h-hA^i\ 



5 Summary and discussion 

In this paper, we have proposed a nonperturbative approach to describe the 
SU(2)i criticality in the dimerized, weakly-coupled two-leg spin-1/2 ladder. We 
have shown that this criticality is in fact a quantum critical point of the effec- 
tive spin-1 Haldane spin liquid perturbed by the explicit dimerization. Using 
the mapping onto a generalized, S0(3)-symmetric, quantum Ashkin- Teller model 
and employing a nonlocal duality transformation, we have derived the low-energy 
effective Hamiltonian which represents a lattice S'=l/2 Heisenberg chain with a 
small bond alternation. The SU(2)i critical point corresponds to the case when 
fine tuning of the parameters of the model restores translational invariance. With 
the adopted approach we were able to find an asymptotically exact correspon- 
dence between the physical fields of the original spin ladder and those character- 
izing the SU(2)i criticality at the IR fixed point. 

To avoid confusion, let us emphasize that the effective spin-1/2 Heisenberg 
model (0) should not be misleadingly associated with the one that corresponds 
to a strong/?/ dimerized, snake looking two- leg ladder. The Hamiltonian ifeffl-^i, S2] 
was derived in the large-/?, limit from the generalized, S0(3)-symmetric, quantum 
AT model ([TI]) which should be regarded as a regularized lattice version of a 
continuum field theory (^), the latter describing universal properties of a weakly 
dimerized spin-1 chain. No such field-theoretical description is available if the 
in-chain staggering amplitude J' of the original spin ladder is not small. 

The Ising- model description of quantum critical points in two-leg spin-1/2 
ladders can be extended to a more interesting situation where all four Ising models 
associated with the triplet and singlet Majorana modes (see Eqs. (0) and (|^)) 
become equally important. This turns out to be the case for a generalized spin 
ladder |13[ 

-f^gen = -f^stand + ^ X] (^1." ' Sl,n+l) (82,71 " S2,n+l) , (58) 

n 

which, apart from the standard on- rung exchange J± present in H, Eq. (|I|), also 
includes a biquadratic interchain interaction. At = the model (|58D is known 
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as the spin-orbital chain and has been recently studied by different groups 
pO|, |, |3T[). If J_L 7^ but |V^| is large enough, the model (|58[) occurs 



[see e.g. 

in a non-Haldane, spontaneously dimerized phase where the spectrum is entirely 
incoherent and consists of pairs of topological kinks When an external longi- 
tudinal dimerization of the chains is included, the generalized ladder is expected 
to exhibit a pattern of quantum criticalities presumably richer than that in the 
standard-ladder case discussed in Ref. and in the present paper. The under- 
lying SO(3)xZ2 symmetry of the model ( |55D opens a room for criticalities with 
central charge c = 1/2, 1 and 3/2, correspoding to the universality classes of the 
Ising model and SU(2)fc WZNW models with k = 1 and 2. Recent numerical 
results[^] strongly suggest the appearance of critical points due to the interplay 
between the biquadratic interaction V and the explicit dimerization. This and 
related problems are presently under investigation. 
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A KNK duality transformation 

Consider a model of two noncritical QI chains with an AT-like interchain inter- 
action 

N 

^QI = - E E + Basl 

a=l,2 j=l 

N 

- E {^s4A,+i^h^W + ^34,-4.) • (59) 

The KNK transformation |l^, |l^ , which is a special combination of spin rotation 
and duality transformation, provides a mapping of the model ( p9D onto a quantum 
spin-1/2 chain. Here we outline basic steps of this transformation: 

(i) duality transformation in the second QI copy: 

*2,i - ^2j-l/2^2,i+l/2 5 ^2,j^2,j+l " ^2,i+l/2 : 

(ii) reduction of the original ({j}) and dual ({j -|- 1/2}) chains to a single 
chain via the following identification: 



^l,j ^ ^^2j 5 ^^2^+1/2 ^ f^2j+l 'i 

(iii) relabeling the lattice sites, j — > j — 1/4, and treating the sublattice 
{2j + 1/2} as dual to {2j}. 
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(iv) duality transformation: 

(v) a staggered 7r-rotation around the y-axis: 

(-1) > (-1) ^Tn 

(vi) global — 7r/2-rotation around the a;-axis: 



(T — > — (J CS — >■ (J 



This brings the Hamiltonian (|59|) to its final form — a bond-alternating XYZ 
S=l/2 chain: 

N 

Hxyz = ^Y: E {JiT,-,^+i + ^2^-1^) ^ (60) 

where = (l/2)crf are the spin-1/2 operators, and 

= A, , Jl = A2 , Jl = A3 ; 
J2 = B2 , Jf = -Bi , J| = -B3 . 

The KNK transformation establishes a correspondence between the spin op- 
erators on the even and odd lattice sites, T^- and T2j^i, and products of two Ising 
order and disorder operators of the two-chain model (|59D , (si, ui) and (s2, 1^2)'- 

Zl2j — l'^l^ljl^2,j+l/2 ) 2j+l ~ '^l^l,j+l'^2,j+l/2 5 

2r2;. = i {kiK2) (sIjSIj) (^^iVl/2^2,i+l/2) , 

2^2,+l = -i ('«1'«2) (sij+lS2,,+l) (<,+l/2'^2J+l/2) • (61) 

Given the standard algebra of the operators s^2)j and i'i{2),j+i/2 (see Eqs. (p!7D, 
(|l8l)), the Klein factors ni, H2 in ( |6T1) ensure the correct algebra of the Pauli 
matrices 2T„. 

From f|6Tf) it follows that 



'^J-2j->-2j+l - ■^IJ^'l.j+l 5 '±J2jJ2i+l - ■^2,j'^2j+l > 

4^2j^2j+i = ■~'^i,j'5i,j+i'52j'S2 j+i ; (62) 

^T^X rpX _ _ X Arpy rpy _ _ X 

^-'■2j-l-'-2j ~ ^2,j 5 ^-'-2j-l-'-2j — 5 

= -sl,sl^ . (63) 

Eqs. (|62D, (^) lead to the correspondence ([29|). Therefore, the hidden SU(2) 
symmetry of the following model of two coupled QI chains 

N 

+^('5l,i'^l,j+l + '^2,j'^2j+l + '^lj'^l,j+l'^2,j'52j+l)] (64) 
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is encoded in the special Ising structure of the A and B terms in the r.h.side of 

(H- 



B Strong-coupling expansion 

In this Appendix, we provide some details concerning the unitary transforma- 
tion of the original model ( P^D which makes it possible to derive the effective 
Hamiltonian Hcs[si, S2] in the form of 1/h expansion. 



It is suitable to rearrange the Hamiltonian in ( ^61) in the following way: 



where 



Hq, = H + V, 
H = Ho + W , W = Wi + W2, (65) 



n n 

n n 

W, = W Pn,n+iis) - r„%i)' . (66) 



In Eqs. 



A„,„+l(s) = Si^^Si^^^i + 82.^82,11+1 + ^l,n^l,n+1^2,n-^2,n+l 5 

Pn,n+l{8) = J'8i n^i n+l82,n^2,n+l ~^ (^^l,n^l,n+l ~^ ^2,n^2,n+l) ' (^7) 

Suppose that the eigenvalue problem for H is solved: 

H\a) = Ea\a) . 

Since [ifo? W^] = 0, any state \a) can be represented as a direct product \a) = 
|t) ® where |s) only involve quantum numbers characterizing the (si, 82) part 
of the spectrum, while 

N 

\r) = n \n) 

i 

with |rj) = I I l)i being eigenstates of the operator . Under the condition 
(p7D, the spectrum of H coincides in the leading order with that of Hq. The 
ground state of Hq is a fully polarized state 

|0). = Uii... (68) 
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while the lowest excited states involve one r-spin flip 



|Tiii-i)r, litii... i)r, I iiti ...!).••• , (69) 

and have a gap 2h. With the s-degrees of freedom taken into account {Hq 
Ho+V), the ground state and 1-flip excited states transform to narrow bands. Our 
goal is to eliminate V in the lowest order and project the resulting Hamiltonian 
onto the state |0)t-. 

The procedure is standard. Consider a unitary transformation 

= H + V+[S,H] + [S,V] + ]^[S,[S,H]] + --- , (70) 

where S = —S"^. Requiring that V + [S, H] = 0, one finds that, in the lowest 
order in A/h, the projected Hamiltonian 



Po^QiPo = -2Nh + Wi + [S, V]Po + ^{A/h" ' 

where 

Po= |0).(0|, . 

The matrix element of the commutator in ([7l|) is given by 

{a\[S,V]\b) = -Y.VacVcb^ ^ ^ 



(71) 



Ec — Ea Ec — Efj 



/ dA e-^^^ Yl [Kc(A) + VM-^)] , (72) 



where 

V{X) = e^^Ke-^^ . 

In obtaining ([72D, we assumed that the states \a) and \b) are of the form |0)r CS) 
We also took into account the fact that the energy differences in (^) are neces- 
sarily positive (of the order of 2h) because the off-diagonal operator V connects 
|0)t- with 1-fiip states (|69|). Using 1/h expansion, we obtain: 



Po [S, V] Po = -Po [^j^V + ^ [[W, V] , V]) Po + (^p j . (73) 

Calculating the commutators in ([73| ) and using formulas (|62D and (|63|), one arrives 
at the results dO), <M) 

given in the main text. 
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